We present a comprehensive study of the solidification scenario in suspensions of colloidal hard spheres for three polydispersities between 4.8% and 5.8%, over a range of volume fractions from near freezing to near the glass transition. From these results, we identify four stages in the crystallization process: ͑i͒ an induction stage where large numbers of precursor structures are observed, ͑ii͒ a conversion stage as precursors are converted to close packed structures, ͑iii͒ a nucleation stage, and ͑iv͒ a ripening stage. It is found that the behavior is qualitatively different for volume fractions below or above the melting volume fraction. The main effect of increasing polydispersity is to increase the duration of the induction stage, due to the requirement for local fractionation of particles of larger or smaller than average size. Near the glass transition, the nucleation process is entirely frustrated, and the sample is locked into a compressed crystal precursor structure. Interestingly, neither polydispersity nor volume fraction significantly influences the precursor stage, suggesting that the crystal precursors are present in all solidifying samples. We speculate that these precursors are related to the dynamical heterogeneities observed in a number of dynamical studies.
I. INTRODUCTION
Hard-sphere-like colloidal suspensions have become an important model system for the experimental study of crystallization and the glass transition for over two decades. 1 The advantage of these systems over atomic and molecular systems is that the time scales of both the dynamics and kinetics of crystallization are much more accessible, with crystallization occurring over periods from minutes to days. The relative tardiness of the crystallization in these systems is due to the Brownian nature of the motions of the particles and their large size ͑hundreds of nanometers͒.
However, crystallization kinetics are also strongly influenced by the particle size polydispersity, a property inherent to all suspensions of colloidal particles. Bolhuis and Kofke 2 used Monte Carlo techniques to determine the crystal-fluid phase boundaries for polydisperse systems. This work demonstrated that fractionation of particles during crystallization is possible, and in later work they showed that such fractionation increases with volume fraction. 3 In the phase diagram produced, the polydispersity in the crystal never exceeds a value of 5.7%, indicating the presence of an upper limit to the polydispersity tolerance in a single hard-sphere crystal. Bartlett 4 suggested that crystallization occurs within multiple fractions of the overall distribution, and then drew attention 5 to the differences between the quenched and annealed states, and suggested that fractionated crystals are the equilibrium annealed state in a polydisperse hard-sphere system. Other workers, using a range of theoretical techniques, have confirmed the importance of segregation/fractionation. [6] [7] [8] [9] [10] Local size segregation was also predicted for polydisperse particles near a wall. 11 Finally, taking a different tack, Auer and Frenkel 12 found, using classical nucleation theory, that the presence of polydispersity leads to an increase in surface free energy and hence a suppression of nucleation.
However, despite the extensive theoretical work, it is only relatively recently that systematic experimental studies of the effects of polydispersity have been carried out. Early works 13, 14 found that increased polydispersity leads to a significant slowing in crystallization kinetics, without significantly affecting particle dynamics. More recent results by Francis et al., using an improved spectrometer, 15 have furthered studies of the influence of polydispersity in several respects: first, it was established that a particle size distribution with a significant skew to small sizes can lead to unregistered planes of crystallites ͑a smecticlike phase͒; 16 second, it was shown that symmetrical and highly skewed distributions display qualitatively different growth behaviors, 17 which suggested a proposed growth mechanism whereby crystallization occurs in conjunction with a local fractionation process near the crystal-fluid interface. By adding a second component, 18 we were able to demonstrate that this effect could be reproduced, and it was observed that a particle size distribution skewed to smaller sized particles has a stronger effect on the crystal structure than a skew to larger sized particles. For a negative skew, it was found that initial crystallite growth occurred at only a small number of sites, with further crystallization sites developing at later times.
Recently, 19 we demonstrated that crystallization in colloidal hard spheres occurs in two stages-precursor and induction stages, characterized by the growth of clusters with long lived nonequilibrium structures, followed by a delayed nucleation process. We suggested that polydispersity limited growth is responsible for the induction stage and leads directly to the delay in nucleation. Finally, by carefully fractionating a single particle preparation 20 and characterizing the subtle differences in particle size distribution, we were able to show that very small changes in the polydispersity ͑from 4.8% to 5.8%͒ dramatically alter crystallization kinetics 21 and showed that the length of the induction stage and the delay time prior to nucleation are directly related to the amount of polydispersity.
In this paper, we extend these most recent results by presenting the crystallization kinetics for particles with three different, carefully characterized, polydispersities, as a function of volume fraction from freezing up to the glass transition. From these, we determine the crystallinity, the crystal volume fraction, the crystal size, the absolute number of crystals, and a number of characteristic times, and we investigate the trends in these parameters as functions of polydispersity.
II. EXPERIMENT
The experimental methods and analysis used here are described elsewhere 17, 20 and will be summarized here only briefly. The particles consist of a copolymer core of methylmethacrylate and trifluoroethylacrylate, with a stabilizing coating of poly-12-hydroxystearic acid, about 10 nm thick, bonded to the surface. To reduce the suspension's turbidity, the particles and the suspending solvent, cis-decalin, have refractive indices that are closely matched. Phase diagrams and direct measurements of the force between the stabilizing layers 22 both show that these particles behave as near perfect hard spheres.
Full details of the fractionation and characterization process are published elsewhere. 20 Using centrifugation techniques, the stock suspension ͑XL65-A͒ was fractionated into two steps, yielding two new samples XL65-B and XL65-C with different particle size distributions ͑PSDs͒. The PSDs were characterized using scanning electron microscopy and light scattering. 23 This yielded polydispersities of 5.8%, 5.3%, and 4.8%, respectively, for XL65-A, XL65-B, and XL65-C. The PSDs are shown in Fig. 1 . The first two have distributions slightly skewed to smaller sizes, and the last one has an almost symmetrical, Gaussian distribution. The hydrodynamic radius for all three is R H = 320± 10 nm, which leads to a Brownian time t B = R 2 / D 0 = 0.5 s, where D 0 is the free particle diffusion coefficient.
The equilibrium phase diagram of the least polydisperse sample, XL65-C, was determined, as described previously. 24 The effective hard-sphere volume fraction was determined by referencing the observed freezing volume fraction to the known freezing volume fraction of hard spheres with a 5% polydispersity, 2,3 giving a freezing volume fraction f of 0.505 and a melting volume fraction m of about 0.538. The scaling factor derived in this way was used for all three polydispersities. This is in contrast to most previous studies, which have referenced the freezing volume fraction to that for the one component hard-sphere system ͑ f = 0.494͒. A summary of the samples studied is given in Table I .
Crystallization kinetics were measured using time resolved laser light Bragg scattering, using a spectrometer that collects the light scattered into the whole Debye-Scherrer cone, which allows statistically meaningful data to be collected at earlier times than previously. 15 The measured structure factor S͑q , t͒ is used to characterize crystal growth as a function of the scattering vector q and elapsed time t. The crystalline structure factor S xtal is extracted from the measured data by subtracting the fluid background ␤͑t͒S fluid ͑q͒, as described by Harland and van Megen, 25 S xtal ͑q,t͒ = S͑q,t͒ − ␤͑t͒S fluid ͑q͒, ͑1͒
where the fluid structure factor is obtained 60 s after stopping the shear melting process. The parameters extracted from the crystalline structure factor are as follows:
͑1͒ The crystallinity X͑t͒ ͑the fraction of the sample which is crystalline͒ is determined by integrating the structure factor over the area of the main Bragg reflection,
where c is obtained after normalizing to the value obtained from the equilibrium phase diagram. ͑2͒ The crystalline volume fraction, which is determined from the peak maximum q max ͑t͒ estimated from Gaussian fits to the peak of the structure factor, xtal ͑t͒ = 2͓q max ͑t͒R͔
͑3͒ The average linear dimension of the crystals, ͗L͑t͒͘, which is determined from ␦q͑t͒, the full width at half maximum of the peak,
where K = 1.0747 is the Scherrer constant for a spherical shaped crystal. 26 From these basic parameters, the following quantities can be determined: ͑4͒ The number of crystals in the scattering volume,
where V scatt ͑ϳ360 mm 3 ͒ is the volume illuminated by the laser, and ␣ Ϸ 1.25 ͑Ref. 27͒ connects the average crystal size cubed with the average crystal volume ͑see Ref. 17 for discussion͒. Figure 2 shows the time evolution of the crystalline structure factor, broken into three time intervals, for each of the three polydispersities at a volume fraction near melting ͑ = 0.538͒. The top panels show the early times following the quench, designated the induction stage, where precursor structures lead to one broad peak growing slowly in intensity while the width remains nearly constant. The middle panels show the intermediate time period, where two other peaks start to appear. The three peaks can now be identified as the hexagonal close packed ͑hcp͒ ͑100͒, ͑002͒, and ͑101͒ reflections. The main reflection is also the face centered cubic ͑fcc͒ ͑111͒ reflection-colloidal hard spheres crystallize as a FIG. 2. ͑Color͒ Time evolution of the crystal structure factor at = 0.538, around the melting volume fraction, for the three different polydispersities, divided into three different time periods. ͑a͒ shows the precursor stage with only one broad peak evident; ͑b͒ shows the conversion stage, where the other peaks begin to appear, but overall growth is slow; and ͑c͒ shows the final nucleation phase, where all three peaks grow rapidly. Note the different vertical scales for each phase.
III. RESULTS AND DISCUSSION
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Effect of polydispersity on crystallization J. Chem. Phys. 127, 084505 ͑2007͒ mixture of fcc and hcp structures designated random hexagonal close packed ͑rhcp͒. 28 This stage is designated the conversion stage, where the width of the central peak decreases significantly while the crystallinity starts to rise more rapidly, and the crystallites evolve from the initial precursor structures to a rhcp structure. The bottom panels show the final or nucleation stage, where the structure does not change significantly but the intensity increases rapidly. Note that the nucleation observed here is due to the homogeneous nucleationthere was no evidence of heterogeneous nucleation, which can be readily distinguished both by eye and spectroscopically. 16, 29 Figures 3 and 4 show the time dependent behavior for four of the eight volume fractions studied. Figure 3 shows volume fractions in coexistence ͑0.527͒ and at around melting ͑0.538= m ͒, and Fig. 4 shows volume fractions above melting ͑0.556͒ and near the glass transition ͑0.57͒. Several parameters extracted from the crystalline structure factors are shown: the crystallinity X ͓Eq. ͑2͔͒, the factor ␤ scaling the fluid background ͓Eq. ͑1͔͒, the crystalline volume fraction xtal ͓Eq. ͑3͔͒, the average crystal size L xtal ͓Eq. ͑4͔͒, and the number of crystals N ͓Eq. ͑5͔͒.
The three time intervals shown in Fig. 2 can be seen most clearly for samples in the coexistence region shown in Fig. 3 . The induction stage comprises approximately the first 1.5 decades of the time window. During this time, both X and N increase weakly, while the average crystallite size L remains essentially constant at around L ϳ 30 radii.
The subsequent sharp increase in X can be broken down into two stages: the first, referred to above as conversion, shows L increasing by about one order of magnitude, while N decreases by up to two orders of magnitude. In this conversion stage, the average volume of the crystallites increases faster than the total crystal volume in the sample. This, combined with the appearance of the 100 and 101 peaks ͑Fig. 2͒, indicates that some precursors are converting into rhcp crystallites, with a large number of precursors disappearing: either the crystallites are growing by the attachment and registration of precursors or some of the precursors are melting as others grow.
During the second stage of the increase in X, L is seen to reach a maximum and then decrease for all samples except XL65-C at = 0.538, which increases slowly. At this stage, X and N exhibit their most pronounced rate of increase. Accordingly, this stage is referred to as nucleation. For all samples, toward the end of the time window, N decreases slowly, while L increases slowly, caused by crystal ripening. Figure 3 shows that the samples with different polydispersities have similar behavior in the coexistence region. The most significant effect of polydispersity in this region is to extend the induction stage-by almost an order of magnitude in going from C to A ͑a change in polydispersity of around 1%͒.
The most interesting aspect of these data is that in the induction stage, the average linear dimension of the precursors ͑L ϳ 30 radii͒ shows no significant variation with either volume fraction or polydispersity. The clear implication is that these are the entities that seed the conversion to the crystalline phase.
Note that the volume fraction of the precursors ͑at t ϳ 100 s͒ is significantly above the average volume fraction of the suspension. The determination of the volume fraction using Eq. ͑3͒ presumes that structures are rhcp. However, it is clear from the discussion above that this is not the case. Given that in this stage the crystalline structure factor has only one peak in our spatial window, the state of organization in the induction stage can, at most, consist of smecticlike unregistered layers of particles, as discussed previously. 16 Registration of these layers, indicated by the development of multiple reflections, is delayed by fractionation-the expulsion from the precursors of particles whose radii lie in the wings of the PSD. Obviously, the broader the PSD, the more fractionation is required before registration can be effected.
The calculated value of xtal ͑t͒ will depend on the composition and degree of registration, i.e., how close the actual structure is to rhcp, as well as of the average particle size inside the observed crystals. The interplay of these could be responsible for the nonmonotonicity evident in xtal ͑t͒ at low .
Moving beyond the coexistence region ͑Fig. 4͒, a number of significant qualitative differences become apparent. First, the crystallinity increases more appreciably in the induction stage, so that by the time conversion takes place, approximately 30%-40% of the volume is bound up in precursors-compared to only around 5% in the coexistence region.
Second, at the higher volume fractions, the drop in the number of crystals dividing the two processes becomes very small or disappears altogether. The transition between the precursor and the crystal nucleation is then simply given by the point inflection of this curve. The important distinction here is that the steepest increase in X and L is now accompanied by an increase in N. This suggests, in contrast to the behavior in coexistence, that essentially all precursors are converted into crystals. Further, the intensity of the main nucleation process is reduced; N increases only about 5%-15%.
Third, when the main nucleation event begins to plateau, only about 80% of the sample is crystalline, and this is followed by a slow increase in crystallinity. N is observed to rise until the end of the main nucleation event, and then drops continuously, while L rises sharply during the nucleation event, and then continues to rise slowly during the slow final process. In other words, the last stage of the transition is dominated by ripening, which is very pronounced compared to the samples in coexistence.
Interestingly, at this volume fraction, the two least polydisperse samples ͑XL65-B and XL65-C͒ are very similar, and there is a much smaller difference in crystallization time than is observed at lower volume fractions. XL65-A, however, is still significantly slower.
For XL65-A, the 100 and 101 reflections are never seen during the course of the measurements at the highest volume fraction-there is no evidence of nucleation or ripening. Instead, the precursor structures grow slowly in both size and number, until they fill the sample volume.
To learn more about the influence of volume fraction and polydispersity on the crystallization process, we present several quantities as functions of volume fraction. Figure 5 shows ͑a͒ the maximum observed crystallite size and ͑b͒ the crystallite size at the end of crystallization, for the three polydispersities as functions of volume fraction. Three observations can be made from these data. First, for the more polydisperse samples ͑XL65-A, B͒, both the maximum and final average crystal size shows a distinct maximum at around m . Second, this maximum is not seen for the least polydisperse samples ͑XL65-C͒-instead, the maximum crystallite size decreases continuously as a function of volume fraction, with the largest crystals being produced at the lowest volume fractions, as has been observed previously. 30 Finally, the crystal sizes for all three polydispersities converge at high volume fractions.
To learn more about the induction stage, Fig. 6 shows the values of X, ⌽ xtal , L, and N averaged over the first 600 s, as functions of volume fraction. With the exception of results at the lowest volume fraction, all four parameters increase monotonically with , and there is little evidence of any systematic dependence on polydispersity. Note that the lowest volume fraction is very near freezing and has the largest errors. These results indicate that the precursor formation is independent of polydispersity. Figure 7 shows characteristic times as functions of volume fraction: ͑a͒ shows the induction time, i.e., the duration of the induction stage, and ͑b͒ shows the crossing time denoting the end of the nucleation process, as defined elsewhere. 25 The arrows in the XL65-A data set at high volume fractions indicate that the sample at 0.57 does not crystallize.
These characteristic times show a volume fraction dependence, with minima around 0.55, consistent with a previous work. 25 More interestingly, however, both the characteristic times are very sensitive to the polydispersity. This is in contrast to the properties which characterize the precursor structures, which expose no such sensitivity. Figure 8 shows the volume fraction dependence of the apparent "crystalline" volume fraction, at four different times during the crystallization process: ͑a͒ the beginning of the induction stage, ͑b͒ the beginning of the nucleation stage, ͑c͒ where the nucleation rate has its maximum, and ͑d͒ the end of the experiment. The solid lines indicate the total volume fraction of the sample. Differences between the polydispersities are not evident at the beginning of the induction stage-the structures that form have a significantly higher density than the overall volume fraction of the sample. It is well known that crystallites are initially compressed relative to the equilibrium volume fraction. 25 This representation allows us to see how the volume fraction changes with both polydispersity and volume fraction.
The difference between the measured volume fraction and the equilibrium line decreases as crystallization proceeds. Within the errors, by the end of crystallization, the final volume fractions are equal to the melting volume fraction for ഛ m and equal to the sample volume fraction for ജ m , as would be expected for a fully crystallized sample.
At the lowest volume fraction in the precursor stage ͓Fig. 8͑a͔͒, XL65-B and C have a slightly lower than equilibrium volume fraction-this is presumably due to the fact that the precursors are mainly composed of larger than average sized particles, leading to a lower apparent volume fraction. Conversely, at the end of the crystallization process ͓Fig. 8͑d͔͒, these samples are mainly composed of smaller than average sized particles, leading to a higher than equilibrium apparent volume fraction. At = 0.57, the most polydisperse sample XL65-A remains in the compressed induction stage and never reaches equilibrium.
IV. CONCLUSIONS
We have presented a comprehensive investigation of the solidification scenario in suspensions of colloidal hard spheres for three different particle size distributions over a range of volume fractions starting close to freezing and ending close to the glass transition. From these results we identify the following: crease in crystallinity while the number density of crystallites decreases. This decrease is significantly reduced above melting. The precursor structures are converted to rhcp structures, indicated by the emergence of the 100 and 101 reflections. ͑iii͒ Nucleation, where the number of crystallites and the crystallinity shows its strongest increase, while the behavior of the average crystal size L varies with volume fraction-at the lowest volume fraction, it decreases, while at higher volume fractions, it continues to increase. This stage is suppressed with increasing undercooling ͑overpacking͒ above melting. ͑iv͒ A ripening stage where ͓as in ͑ii͔͒ N decreases while L increases, but where the amount of crystal remains essentially fixed. This stage is enhanced with increasing undercooling for volume fractions above melting.
The duration of the induction stage increases with polydispersity. The local fractionation required to facilitate conversion from unregistered layers to rhcp crystallites becomes increasingly difficult as either polydispersity or volume fraction is increased. At volume fractions near the glass transition, this process is entirely frustrated, and the sample is locked into a compressed crystal precursor structure. We speculate that these precursors are related to the dynamical heterogeneities observed in a number of dynamical studies. [31] [32] [33] [34] [35] [36] [37] The most important point to emerge from these studies is that in the early stages of solidification, all samples behave in a similar fashion, regardless of volume fraction or polydispersity. This universality suggests that the crystal precursors are present in all solidifying samples and are an important link between crystallization and the glass transition.
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